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Summary

The data collected from 2-D ERT surveys is usually inverted using a nonlinear local optimisation
method such as the smoothness-constrained least-squares method. This method attempts to find the
minimum of an objective function that consists of the data misfit and model roughness. The least-
squares method converges rapidly to a minimum but it might be a non-optimal local minimum. A
global optimisation method can locate the optimal global minimum but the calculation time increases
exponentially with the number of parameters. A global optimisation method (simulated annealing) is
used refine the model obtained by the least-squares method at the regularisation parameter value
found by the L-curve method. Inversion of a data set from a 2-D survey over a levee at Colorno
(Italy) shows that the simulated annealing method does locate an objective function minimum that is
consistently lower than that found the least-squares method. Although the maximum difference is
usually less than 10%, the refinement step serves as a check on the model found by the least-squares
method. A method to estimate the optimum regularisation parameter using a best fitting analytic
function to the numerical L-curve points where conventional methods might give ambiguous results is
presented.
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Practical applications of global optimisation techniques in 2-D resistivity inversion

Introduction
The data collected from 2-D and 3-D geoelectrical surveys, particularly in commercial surveys, are
usually inverted using a local optimisation method to produce a subsurface resistivity model. The
optimisation method attempts to find the minimum of an objective function that consists of the data
misfit and selected model constraints. The objective function can be written as

P(y,a) = o(y) +1¢(q) . 1)
P(y,q) is the objective function, ¢(y) is the data misfit (difference between the logarithms of the
measured and calculated apparent resistivity values) and ¢(q) is the model roughness. y and g represent
the data values and model parameters. The regularisation parameter 2 is the weight given to minimizing
#(q) compared to ¢(y). The optimisation method attempts to find the set of model parameters q at the
minimum of the objective function P (Oldenburg and Li, 2005). The data values in 2-D ERT surveys
are the apparent resistivity values and the positions of the electrodes, while the model parameters are
the subsurface resistivity values. A 2-D model that consists of hundreds of cells (thousands in 3-D) is
used so that complex variations in the subsurface resistivity can be accurately modelled. There are two
related practical problems in solving equation (1) to obtain the model g. The first problem is finding
the optimum value for the regularisation parameter A, while the second is to determine the model
parameters g. There are two main classes of numerical methods to obtain model parameters starting
from a given model (such as a homogenous half-space), local and global optimisation methods. Many
local optimisation methods use the gradient of the objective function (the Jacobian matrix) to find a
new model at a lower value of the objective function. One such method is the smoothness-constrained
least-squares method (Oldenburg and Li, 2005). This method is widely used for the inversion of data
from 2-D and 3-D surveys which can have hundreds of thousands of data points and model parameters
(Loke et al., 2020). It converges rapidly but can become trapped in a non-optimal local minimum (Sen
and Stoffa, 2013; Aleardi et al., 2019). Global optimisation methods attempt to find the optimal global
minimum but the calculation time increases exponentially with the number of model parameters. They
are widely used in the inversion of 1-D models with a small number of parameters (Su et al., 2023). To
reduce the number of parameters for 2-D and 3-D inversion, one approach is to use simple geometric
models such as a rectangular block or prism embedded in a homogeneous medium (Shamara et al.,
2023). However, these simple models cannot accurately model the complex resistivity variations
encountered in field surveys and often have data misfits of over 100%. Most commercial ERT surveys
are carried out by small geophysical companies with a limited budget and computational facilities
(usually a PC). This paper is focussed on practical techniques which can be used by such companies.

Theory and Method
The smoothness-constrained least-squares method determines the model parameters q (logarithm of
model resistivity) by solving the following equation in an iterative manner.

U"Rd +2Fg)Aqx=]" Rag —A(Fg +aD)(qx — qr) (2)
where Fp = CyRyyCy + CL Ry Cy + CL R, C,
g is the model for the kth iteration and Agx is the change in the model required to reduce the data misfit
g. gr is a reference model (usually the average of the measured apparent resistivity values). Cy, Cy and
C, are the roughness filter matrices in the x-, y- and z-directions to minimise changes in the model
resistivity values. Rq and Ri are weighting matrices for the data misfit and model roughness vectors. o
is a regularisation factor to reduce the model deviation from a reference model. J is the Jacobian matrix.
A slow cooling sequence where the regularisation parameter 4 is gradually reduced with each iteration
(Oldenburg and Li, 2005) is commonly used. The objective function depends on the regularisation
parameter 1. A value which is too large will result in a model with small changes in the resistivity values
(low model roughness) but a high data misfit. A value that is too small will result in a model with
excessive structure (high model roughness) and low data misfit. Thus, an important first step is to
estimate the optimum regularisation parameter which is dependent on the noise level in the measured
data and the subsurface resistivity variations. Farquharson and Oldenburg (2004) described two
methods to estimate the optimum damping factor, the Generalized Cross Validation (GCV) and L-curve
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methods. The GVC method is impractical to use for large 2-D and 3-D problems as it requires the
inverse of a m-by-m matrix which requires about m* operations (m is the number of model parameters).
Thus, the L-curve method is used in this research. The L-curve for a field data set is determined by
carrying an inversion of the data set using a range of regularisation values. The optimum value is given
by the point with the maximum curvature (Farquharson and Oldenburg, 2004; Loke et al., 2022).

Example

The data set from a 2-D ERT survey using the Wenner array with 48 electrodes and a 2-metre spacing
over a levee in Colorno, Italy (Hojat, 2024) is used as an example. The data set has 360 measurements
(Figure 1a). The survey was part of a long-term experiment to monitor changes within and below the
levee such as seepages. The processing of this data set was done in 2 steps (1) finding the optimum
regularisation parameter using the least-squares method, and (2) refining the model using a global
optimisation method.
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Figure 1 Colornos levee survey. (a) Measured apparent resistivity pseudosection. (b) Inverse model
with least-squares method. (c) inverse model with simulated annealing refinement step.

The inverse model grid used is extended by 4 metres at both ends of the line to reduce artefacts due to
structures outside the line (Maurer and Friedel, 2006). It has 15 layers and 565 model cells. The least-
squares method first is used to find the models obtained from a high value (0.15) to a low value
(0.00015) of the regularisation parameter A. The L-curve plot is shown in Figure 2a. The calculation
time taken using a PC with a 16-core Intel 12900K CPU was 10 seconds. The curvature plot (Figure
2b) has a maximum point corresponding to a 4 value of 0.00311. The inverse model is shown in Figure
1b. The least-squares inverse model was then used as the starting model for the simulated annealing
method (Press et al., 2007). Figure 1c shows the model obtained by the simulated annealing method
which took 9248 seconds. The simulated annealing refinement step reduced the objective function from
0.673 to 0.652. There are small differences between the simulated annealing (Figure 1c) and the least-
squares models (Figure 1b). However, the differences are not large enough to change a geological
interpretation of the results. The calculation time taken for the simulated annealing model was 9248
seconds which is nearly 1000 times higher than the least-squares method, but still practical with present
day PCs for 2-D inversions. The procedure used in this paper first carries out an inversion of the data
using the least-squares method for a large range of A values to determine the optimum value using the
L-curve method. Then another inversion is carried out using the least-squares method up to the optimum
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4 value followed by a refinement step using a global optimisation method. This will check whether the
local optimisation nature of the least-squares method has a significant effect on the results. Figure 2c
shows the change in the objective function value for the entire range of 4 used by both methods. The
objective function value achieved by the simulated annealing method is consistently lower but the gap
becomes narrower as the 4 decreases. The maximum difference is about 9%.

(a) Least-squares L-curve (b) Least-squares curvature function (c) Least-squares and simulated annealing objective functions
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(d) Simulated annealing Lcurve (e) Simulated annealing curvature function
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Figure 2 (a) L-curve plot for the inversion of the Colornos levee data set using the least-squares method
and (b) its curvature. (c) Change of the objective function with the least-squares and simulated
annealing methods. (d) L-curve with simulated annealing refinement step and (e) curvature plot. The
regularisation parameter value 4 is shown next to the points on the curves.

Figures 2d and 2e show the L-curve plots for the simulated annealing models. Figure 2e shows a
practical problem with the use of the L-curve method for field data sets. Gunther et al. (2006) observed
that it does not always provide a satisfactory solution. The curvature values calculated using the second
order derivative of the L-curve are very sensitive to small deviations from a smooth curve (Figure 2e),
such as the points corresponding to 4 values of 0.00311 and 0.00085 (Figure 2d). This causes the
curvature values near these points to deviate significantly from an ideal L-curve. For some field data
sets, the deviations from an ideal L-curve can be much larger making the identification of the maximum
curvature point difficult (Loke, 2025). The shape of the L-curve is affected by noise in the data, which
could be due to random geoelectrical noise or errors in the positions of the electrodes (Loke et al., 2020,
2022). One possible solution is to find a best fitting analytic function for the observed data misfit-model
roughness points (red curves in Figures 2a and 2d). The curvature of the analytic function can then be
calculated to estimate the maximum point (Figures 2b and 2e). The function used has the following
form with seven parameters a, b, c, d, e, f and g that are numerically determined using the least-squares
optimisation method (Lines and Treitel, 1984).
y=aQ +b.Q P+ QP +d. N +g (3)

This function is similar to a Taylor series expansion. Tests were conducted using different number of
terms in the series. Adding the second term made a large improvement compared to using the first term
alone. Adding the third term made a significant improvement, while adding the fourth term gave a
smaller improvement. The curvature of the analytic function (Figure 2b) has a maximum near the
numerically calculated 4 value of 0.00311. This function gives a reasonable fit for most data sets near
the corner of the L-curve but a poorer fit at the ends for small or large A values.
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Conclusions

The objective function value obtained using the least-squares method can be further reduced by using
a simulated annealing refinement step. A method using a best-fitting analytic function for the numerical
L-curve to estimate the optimum regularisation parameter is presented for noisy data sets where
conventional methods might give ambiguous results. Research is being conducted to reduce the
calculation time by using more sophisticated global optimisation methods such as very fast simulated
annealing (Ingber, 1989), PSO (Su et al., 2019) and MCMC (Vinciguerra et al., 2022). We are also
examining an alternative algorithm that starts with the global optimisation method and a homogeneous
half-space model to locate the approximate region with the minimum followed by the least-squares
method.
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